Cilia and flagella are essential building blocks for biological fluid transport and locomotion at the micron scale. They often beat in synchrony and may transition between different synchronization modes in the same cell type. Here, we investigate the behavior of elastic microfilaments, protruding from a surface and driven at their base by a configurationdependent torque. We consider full hydrodynamic interactions among and within filaments and no slip at the surface. Isolated filaments exhibit periodic deformations, with increasing waviness and frequency as the magnitude of the driving torque increases. Two nearby but independently-driven filaments synchronize their beating in-phase or anti-phase. This synchrony arises autonomously via the interplay between hydrodynamic coupling and filament elasticity. Importantly, in-phase and anti-phase synchronization modes are bistable and co-exist for a range of driving torques and separation distances. These findings are consistent with experimental observations of in-phase and anti-phase synchronization in pairs of cilia and flagella and could have important implications on understanding the biophysical mechanisms underlying transitions between multiple synchronization modes.
I. INTRODUCTION
Cilia and flagella exhibit synchronous motion. The biflagella of the alga Chlamydomonas often beat symmetrically at the same frequency but opposite phase 21, 22, 42, 45, 46 . Sperm cells tend to synchronize their tail beating in-phase when they are in close proximity 24, 56 . Motile cilia in aquatic organisms and in mammalian tissues coordinate their collective beating in a wavelike pattern 3,6,17 .
The origin of this synchronous behavior is attributed to mechanical coupling between the cilia, either at the cell base 43, 53 or through hydrodynamics 7 . In the latter, the flagella of isolated cells exhibit synchronous beating through hydrodynamics only. Theoretical models also suggest that synchronization can arise from hydrodynamic coupling between flagella 23, 26, 36, 50, 51 , assisted by flagellar elasticity 13, 20 . Existing models are based either on low-order representations of flagella and cilia in the form of "bead-spring" oscillators 9, 23, 30, 38 or on more realistic models of hydrodynamically-coupled elastic filaments 20, 29, 41 . These models primarily reproduce one mode of synchrony: anti-phase, in-phase, or metachronal coordination. Flagellar synchrony is more complex: flagella and cilia can exhibit multiple synchronization modes even within a single cell type or organism. For example, the flagella of the algae Chlamydomonas stochastically switch between anti-phase and in-phase synchrony 33, 54 . Cilia in mammalian brain ventricles periodically change their collective beat orientation, providing a cilia-based switch for redirecting the transport of cerebrospinal fluid at regular intervals of time 15 . The origins of these transitions, whether abrupt and stochastic (Chlamydomonas biflagellates) or gradual and periodic (ependymal cilia), are currently unknown.
In models that represent flagella as hydrodynamically-coupled oscillators driven by a configuration-dependent force, the functional dependence of this force on configuration needs to be altered in order for the system to exhibit a different mode of synchrony (see 8 for review). The need to modify the functional form of the drive, and consequently the landscape of the associated potential field, makes implicit assumptions on the mechanisms responsible for different modes of synchrony. It assumes that these mechanisms induce a fundamental change in the internal machinery that drives the flagellum or cilium beyond what can be captured by rescaling the intensity of the drive. In this study, we present a theoretical model of flow-coupled elastic filaments that exhibits bistable in-phase and anti-phase synchroniza- (c) Low-order model of a shape dependent oscillator driven by an applied force F that switches directions once the oscillator reaches a predefined oscillation amplitude |x| = X S . tion at the same drive level, suggesting that the aforementioned assumption is not required to achieve multiple synchronization modes.
The synchronization of filaments in viscous fluid has been studied since the seminal work of 48 , where he showed that traveling waves in two parallel infinite sheets have the least viscous dissipation when synchronized in-phase. These results were later extended to include waveform compliance 13 and three-dimensional (3D) beating 36 . 39 considered elastic sheets and filaments of finite length and computationally showed that neighboring sheets and filaments with symmetric beating patterns always synchronize in-phase. In-phase synchrony was also predicted by 20 . A model of cilia that accounted for internal actuation also demonstrated that neighboring cilia, coupled only through hydrodynamics, quickly synchronize their beat 58 .
Cilia and flagella are driven into oscillatory motion by an intricate internal structure of microtubules and molecular motors. Although the components of this structure are known, the mechanisms that regulate the activity of the internal motors, causing them to produce oscillatory motions are not well understood. A prominent hypothesis assumes a geometric feedback from mechanical deformations to molecular activity 4,5,44,47 . In its simplest form, this hypothesis supports the view that the internal forces and moments produced by the molecular motors switch "on" and "off" depending on the shape of the flagellum.
Inspired by this switching behavior, 30 and 9 proposed optically-driven colloidal oscillators as a model system for studying synchronization between cilia and flagella. In these systems, the colloidal particle is constrained to move on a linear trajectory under the influence of a driving force that switches direction once the particle approaches pre-defined target positions, hence the name "geometric switch." Here, we extend the geometric switch model to finite microfilaments submerged in viscous fluid and driven at their base by an active bending moment, of constant magnitude, that switches direction at pre-defined orientations of the tangent at the filament's base. This model of internal actuation is a simplification of the biological system where actuation is applied along the filament's centerline. Yet, it carries some common features such as feedback from filament shape to internal drive. It is also reminiscent to the model used in 29 (although conceived independently), who applied a non-constant drive moment to induce asymmetry in the filament's beat pattern for studying metachronal wave coordination of neighboring filaments. Our study focuses on the existence of multiple modes of synchronization at constant drive magnitude. We find that single filaments exhibit time-periodic deformations that seem to be insensitive to the initial configuration of the filament, and we quantify the consequent frequency of these deformations. We then show that two hydrodynamically-coupled filaments can achieve in-phase and anti-phase synchronizations that are bistable for a range of parameter values. To highlight the main physical mechanisms responsible for these synchronization modes, we introduce a low-order particle model that accounts for elasticity and shape changes. The simpler model indicates that bistable synchronizations emerge as a result of hydrodynamic-coupling, shape changes and an internal restoring moment due to filament elasticity. We conclude by commenting on the relevance of these results to undersanding the biophysical mechanisms underlying transitions between multiple synchronization modes in flagella and cilia.
II. CONTINUUM MODEL
Consider a nearly inextensible elastic filament of length and diameter a rooted at the origin O of a Cartesian coordinate system (x, y, z). Let {e 1 , e 2 , e 3 } be the corresponding orthonormal basis. The filament is free to deform in the half-space fluid domain z ≥ 0, where z = 0 corresponds to a no-slip solid wall (see figure 1 ). The centerline of the filament is denoted by the position vector r(s, t), where s and t represent the arc-length and time,
respectively. The balance of forces and moments on a cross section of the filament are given by Kirchhoff's equations for an elastic rod
Here, the prime (·) = ∂(·)/∂s denotes differentiation with respect to arc-length s,t = r /|r | is the tangent unit vector along the filament centerline, N and M are the internal force and bending moment, respectively, and −f is the drag force per unit length exerted by the surrounding fluid on the filament (f is the force per unit length exerted by the filament on the fluid). The Hookean constitutive relation between the bending moment M and the bending deformation (curvature) of the filament is given by M = Bt ×t , where B is the bending rigidity. The internal force N consists of a bending force and a constraint tension force that enforces the inextensibility condition. The constraint is satisfied in a weak form by considering an elastic filament with large tensile stiffness.
The filament is free at its tip s = and is actuated by an internal motor at its base
torque that switches direction when the base angle θ b (t) of the filament, defined as θ b = arcsin(e 3 ×t(0, t) · e 2 ), reaches predefined target orientations ±Θ. More specifically, we
where M b is a positive constant and α ∈ {−1, 1} is a state variable that defines the torque direction; α changes from 1 to −1 at θ b = Θ and from −1 to 1 at figure 1 ). This torque model can be viewed as an extension to the geometric switch model for colloidal systems studied in 9,30 and as a simplified version of the "geometric clutch" model proposed in 34 . A target angle that acts as a geometric switch to drive elastic filaments along their entire length was used by 10 to model the power and recovery strokes of eukaryotic cilia.
The fluid motion is governed by the incompressible Stokes equation for zero Reynolds number flows,
Here, p is the pressure field, µ is the fluid viscosity, u is the fluid velocity field, and F is the (Eulerian) force density exerted by the filament on the fluid. F (x, t) is related to the force per unit length f (s, t) as follows F (x, t) = s∈[0, ] f (s, t)δ(x − r(s, t))ds, where δ is the three-dimensional Dirac δ-function, and x is the position vector. These equations are subject to the no-slip condition u = 0 at the bounding wall z = 0. We take advantage of the small aspect ratio a/ 1 of the filament to approximate the velocity at the filament boundary by the velocity along its centerline,
To fully determine the filament deformation r(s, t) given the moment M b at the filament base, we need to solve the coupled fluid-filament system of equations (1-3). It is convenient for building an efficient numerical method to (i) write the moment equation in (1) in integral form and (ii) assume that the filament is quasi-inextensible 11, 39, 49 . In particular, we integrate the moment equation in (1) from the filament free end at to any location s along the filament, taking into account that M ( ) = 0 and that along the filament N = f . We get, after an integration by parts on the second term, that
We then write the force density f (s, t) applied by the filament on the surrounding fluid as
We assume that the force component f = (f ·t)t tangent to the filament's centerline can be obtained explicitly by considering a large tensile stiffness K,
thus ensuring that the filament's length remains almost constant. We substitute (5) into (4) taking into account that M = Br × r to obtain an expression for f ⊥ in terms of the position vector r(s) and its spatial derivatives. To this end, one gets both components of the force density f = f ⊥ + f in terms of the kinematic variables r and its derivatives. We substitute these expressions for f into (2) and we solve numerically subject to (3) to obtain the nonlinear dynamics of the filament as discussed next.
To obtain non-dimensional counterparts to the equations of motion, we consider the dimensional scales associated with the fluid viscosity µ and cilium length . Because of the geometric switch model, the system does not have an intrinsic time scale. To remedy this, we consider the time scale T = 4 µ/B arising from balancing the filament's elasticity with the fluid viscosity. To this end, we consider the bending rigidity to be of the order B = 800 pN · µm 2 , as reported in 57 for wild type Chlamydomonas flagella. A list of the dimensional parameters used to scale the equations of the motion are reported in Table I .
Hereafter, all quantities are considered to dimensionless unless otherwise stated.
III. NUMERICAL METHOD
We discretize the filament into a uniform chain of N + 1 segments of length a such that ∆s = /N = a ( figure 1(b) ). The segments are labeled from n = 0 at the filament base to n = N at its tip. The position vector is discretized by r n = x n e 1 + z n e 3 and the local orientation θ n of the tangent vector to segment n is defined as the angle between the z-axis and the vector ∆r n = (r n+1 − r n ). Equation (4) can be written in discrete form as follows
Here,
We decompose the force f n = f ⊥ n +f n exerted by segment n on the surrounding fluid into two components f ⊥ n and f n that are perpendicular and parallel to ∆r n−1 = (r n − r n−1 ). We substitute into (6) and rearrange the term containing f ⊥ n to the other side of the equation to get
Upon taking the cross product with ∆r n−1 / ∆r n−1 2 , the above equation becomes
The parallel component f n is given by the discrete analog to (5). Namely, for 1 ≤ n < N , one has
whereas for n = N , one has
Using (8) and (9-10), f n can be evaluated sequentially from the filament tip (by decreasing order of n) in terms of the filament kinematic variables r m , m ≥ n − 1.
To solve (2-3), we use a one-dimensional distribution of regularized Stokeslets along the centerline of the filament together with an "image" distribution to impose the no-slip boundary conditions at z = 0 plane 12 . The regularized Stokeslets are placed at the center r n of each segment. The strength of the regularized Stokeslet at r n is equal to the discrete force f n and the fluid velocity generated by the filament at an arbitrary position x in the fluid domain is given by u(x) = N n=1 G(x − r n ) · f n , where G(x − r n ) is the Green's tensor for the regularized Stokeslet near a wall 1 . We substitute this expression for the fluid velocity into (3), recalling (8) and (9-10) to express f n in terms of the filament position r m . This yields a set of coupled equations for the filament dynamics that we evolve forward in time using the forward Euler method. Initial conditions for this system are the configuration of the filament r(s, t) and the state variable α = ±1.
In all numerical simulations, we fix the target angles at Θ = 0.15π, we use N = 20 seg- ments of length a = 1/20 to discretize the filament, and we set the regularization parameter of the Stokeslet to be equal to a. The tensile stiffness K = 5000 is a numerical parameter chosen to keep the length of the filament almost constant. The filaments are initialized in straight configuration normal to the wall. Here, the time step is 0.2 × 10 −4 and the system is integrated to T = 20, which is sufficient to capture the long-time dynamics; see Table II for a summary of all parameter values. 
IV. DEFORMATION OF A SINGLE FILAMENT
We examine the motion of a single filament actively driven at its base by We introduce the phase variable φ ∈ [0, 1] as a linear interpolation of θ b between the two target angles ±Θ,
By definition, the values of φ lie in [0, 0.5] when the base moment is positive (α = 1) and φ ∈ [0.5, 1] when the base moment switches to negative (α = −1). Thus, the phase variable φ is monotonic in time over one oscillation period (see figure 2, bottom row) and as a result, it can be viewed as a time re-parameterization for examining the long-term periodic behavior of the filament. We therefore label the snapshots in figure 2, top row, by their phase φ. Table I .
Although the Sperm number is comparable to that of cilia and flagella, the filament deformations deviate from those observed in nature in that the amplitude of the traveling-wave decreases towards the tip. This is due to the fact that the model considers a driving moment at the base only, while in many biological filaments, the moments are distributed along the whole filament. In the model, the beating pattern is related to the choice of the target angle Θ; larger Θ produces beating patterns with high curvature. Further, the filament deformations are symmetric because the switching orientations ±Θ are equal and opposite. To break this symmetry, it suffices to tilt the angle about which the geometric switch is applied by setting Θ left = 0.1π and Θ right = 0.4π as shown in figure 4(a) . Hereafter, we restrict our discussion to the symmetric case. Finally, we note that the long-term behavior of the filament depends on M b but it is independent of the filament initial configuration, as illustrated in figure 4(b) .
V. SYNCHRONIZATION OF TWO FILAMENTS
We consider the behavior of two hydrodynamically-coupled, elastic filaments separated by a distance d and subject to the same moment M b at their base. We set the separation distance to be large enough (d > 0.4) so that the two filaments do not intersect. Figure 5 shows the long-term behavior of two filaments that start in a nearly anti-phase configuration; the left filament, referred to as filament 1, is initially straight and moving to the right (α 1 (0) = 1) whereas the right filament, or filament 2, is initially moving to the left (α 2 (0) = −1) such that the phase difference is equal to ∆φ(0) = φ 2 (0) − φ 1 (0) = 0.49.
Here, the state variables α 1 and α 2 and phase variables φ 1 and φ 2 for filaments 1 and 2 are defined as in (11) . This initial configuration corresponds to a small perturbation away from the anti-phase configuration for which ∆φ = 0.5. The coupling between the two filaments is due to hydrodynamic interactions only. To quantify the long-term synchronization mode between the two filaments, we adapt the synchronization order parameter Q proposed in 30 . Namely, we let
where T is the total integration time, T * is chosen to ensure that transient behavior is In Figure 7 , we report the values of the emergent beating frequencies for the cases considered in figure 6 and compare these values to the case of a single filament from figure 3, which we show in black dashed lines in figure 7 . The beating frequencies for the pair of filaments are either faster or slower than the single filament depending on their synchronization modes: anti-phase filaments beat at lower frequencies because the two filaments "work against each other" while in-phase filaments beat at higher frequencies because they "work together". In particular, in anti-phase beating the two fibers are compressing and extending fluid elements in the region between them while for in-phase beating, the fluid and the filaments move together. In the limit d → ∞, the beating frequency for the pair of filaments converges to the beating frequency of a single filament. 
VI. SHAPE-DEPENDENT OSCILLATORS
In the geometric-switch model proposed by 30 and 9 , a rigid spherical particle is free to move along one-direction, say the x-axis, under the influence of a driving force F that switches direction when the particle position reaches predefined target positions. Here, we develop a phenomenological model, based on the geometric switch oscillator, that accounts for the filament's elasticity and shape changes in terms of a "lumped" shape variable, which we denote by s (not to be confused with the filament's arclength s); see figure 1(c). We propose the coupled position-shape system of equations ξ(s)ẋ = −ks + αF,
The elastic "particle" is subject to a configuration-dependent force αF , where the magnitude F is constant whereas α switches between {−1, 1} as the particle position reaches a predefined oscillation amplitude |x| = X s . For a rigid particle, the drive F is balanced by a hydrodynamic drag equal to ξẋ, where ξ is a constant (positive) drag coefficient. Elasticity introduces an internal restoring force that competes with the driving force and couples the shape s to the orientation dynamics. The elastic force is modeled via a spring with stiffness coefficient k that represents a "lumped" elastic modulus of the filament. The drag coefficient ξ also depends on shape; it should be maximum when s = 0, that is, when the filament is straight and moving transversally to itself, and minimum when the filament reaches its The lower bound > 0 ensures that the drag coefficient ξ remains positive at all time.
The shape of the filament changes under the influence of the driving force but relaxes to its original shape when it is not actuated. In (13), we assume that αF drives the shape directly and that the shape s relaxes to the original shape s o with constant relaxation parameter τ .
For a fixed value of α, the solution to the shape equation is of the form s = αF + (s o − αF )e −t/τ , where s relaxes to s o when F = 0. For non-zero F , the force switches sign at ±X s , thus coupling position and shape. An alternative form of the shape equation in (13) could be written by usingẋ to drive the shape dynamics instead of directly driving it by αF . Then, the shape equation becomes nonlinear. We chose the linear form in (13) because we are mainly interested in reducing the complexity of the dynamical system, while identifying the main physical mechanisms at play. it first decreases then increases ( figure 9(b) ), and if the drag coefficient is held constant (b = 0), the decrease in velocity after each switch is more gradual ( figure 9(c) ). In the case of the standard geometric switch b = k = 0, the velocity remains constant after each switch because the applied force considered here is constant ( figure 9(d) ).
We now consider two hydrodynamically-coupled, shape-dependent oscillators, The simple model in (14) captures some of the main features of the full filament model.
In particular, it shows the presence of regions where in-phase and anti-phase oscillations are both stable, depending on initial conditions. This bistability is the product of the coupling between hydrodynamic interactions and shape changes. In fact, if the restoring force due to elasticity is eliminated (k = 0 but b > 0), the oscillators always synchronize in phase.
Meanwhile, if the dependence of drag on shape is eliminated (b = 0 but k > 0), the oscillators always synchronize anti-phase. The two types of synchronization modes are observed only when the two effects of k and b are present. These findings imply that the two different synchronization modes observed in the simplified shape-dependent oscillators and in the full filament model are due to the interplay between elasticity, shape-dependent drag, and hydrodynamic coupling.
VII. DISCUSSION
The main contributions of this work can be summarized as follows:
(i) We proposed a model for elastic microfilaments of finite length submerged in viscous fluid; the filaments are attached to a wall and driven at their base by a bending moment that is geometrically-triggered to switch direction as the filament approaches pre-defined target angles.
(ii) We considered full hydrodynamic interactions among and within filaments. Isolated filaments were shown to undergo long-term periodic deformations that are insensitive to initial conditions and whose waviness and frequency increased with increasing the intensity of the driving moment.
(iii) Pairs of filaments exhibit stable in-phase and anti-phase synchrony that are robust to initial perturbations; more interestingly, both in-phase and anti-phase synchronizations stably co-exist in regions of the parameter space (driving moment versus separation distance), with in-phase synchrony associated with higher oscillation frequencies.
These multiple synchronization modes are inherently non-linear and cannot be captured in a linear stability analysis.
(iv) To explain the main mechanisms underlying the observed behavior, we proposed a low-order model of an elastic "particle" that accounts for shape changes in terms of a "lumped" shape variable that is coupled to the particle's position. The simpler model recapitulates the behavior observed in single and pair of filaments and highlights the role of each component -elasticity, shape-dependent drag, and hydrodynamic coupling -in the emergent behavior.
Our low-order model is consistent with the geometric switch oscillators of 9, 30 . In the latter, the driving force depends on the particle configuration, and its functional form determines These findings -namely, the co-existence of in-phase and anti-phase synchrony and the fact that in-phase synchrony is associated with higher frequencies and filament waviness (traveling-wave deformations) -are consistent with experimental observations in a Chlamydomonas biflagellate 33 . Flagella were shown to switch stochastically between anti-phase and in-phase states, and that the latter has a distinct waveform and significantly higher frequency (the notation in-phase and anti-phase is reversed in 33 ). In the context of our model, such switching could occur due to random perturbations or by varying the intensity of the internal drive. This is in contrast to alternating between different models of the drive characterized by different modes of synchrony 33 . The distinction between these two viewskeeping the same form of the drive or alternating between different drive forms -is fundamentally linked to admissible hypotheses on the physiological and biophysical mechanisms underlying the transition between different synchronization modes. For example, in light of our results, it is plausible that transitions in biflagellar synchrony are triggered purely mechanically, say by random noise in the medium, without biochemical changes that alter the driving forces, or physiologically by modifying either the intensity of the drive or the compliance of the flagella, without inducing new behavior in the internal machinery.
In the alga biflagellate Chlamydomonas, mechanical coupling at the flagella base could be playing a role in flagellar synchronization 16, 18, 43, 53 . Importantly, in-phase and anti-phase synchrony is also observed between a pair of pipette-held flagella of Volvox somatic cells, where the coupling is purely hydrodynamic 53 (supplementary movies 2 and 3).
The model presented here serves to demonstrate that the interplay between elasticity, hydrodynamics and geometry-dependent actuation could give rise to multiple synchronization modes. While in itself, the model is not intended to faithfully describe biological cilia and flagella, the outcomes of the model could serve to guide future research and formulate new hypotheses regarding the mechanisms that drive and alter synchrony in biological and physical systems. For example, it would be interesting to revisit the pipette-held flagella of
Volvox somatic cells and conduct systematic experiments for identifying the physical parameters leading to in-phase and anti-phase synchrony. It would also be interesting to develop experimental protocols for gradually increasing the activity of the molecular motors in reactivated axonemes as in 19 to gauge the effect of the actuation level on synchrony. From the modeling standpoint, future extensions of this work will account for more accurate models of the internal driving moments ( 20,47 ), three-dimensional filament deformations with torsion and twist 35, 40 , and multiple interacting filaments with application to metachronal coordination of cilia 25, 27, 28, 37, 58 . Meanwhile, we are working on including mechanical coupling at the base of the filaments to emulate basal coupling in the ciliated cell and investigate its role in filament synchronization, in the presence and absence of fluid coupling. The low-order model also presents a rich framework in which to explore synchronization of multi-particle oscillators as in 50, 52 .
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